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BA'B31 BUP TECKAPU TPUTOHOMETPUK ®YHKIASJIAPHA
V3 MUUT A OJITAH TEHTJIAMAJIAPHU EUMII XAKHJIA

2.0. lapunos, KapMUNU nonenty,
C.1IO. Illoaues, Kap/1VY karra yKuTyBUYHUCH,
b.H. PaxmonoB, KapMUNU yxutyBuucu,

AHHOTAIUA

Ywby maxonaoa aiinananap paouycunu monuwl 6a meckapu mpueoHoMempux
QYHKYUAIApHU V3 UdUea 012aH MEH2IAMANAPHU eduld KYHUKMACUHU VKY8UUIapoa
XOCUTl KUTULU.

Taanu cyznap: aiinana, paouyc, meckapu mpueoHOMEempuKx @OYHKYusiap,
MPULOHOMEMPUK  AIMAUWMUPUULILAD, DHZ Cc000ad MPUSOHOMEMPUK MeH2amaniap,
mecKapu mpueoHOMempux QYHKYUsIapHy Y3 uduea oa2an meHaiamanap.

AHHOTAIUA
B osmoiti cmamee yuawuecs pazeéusarom cnocobHoCmMb HAXOOUMb PAOUYCHL
OKpYJCHOCmel u peutamo ypaenenus, cooepoicaujue oopamtubvie
mpucoHomMempuyecxkue QyHKyuu.

Knrwoueswie cnosa: kpyz, paouyc, oopammuvie mpucoHomempuieckue GyHKyuu,
mpucoHomempuuecKkue nodcmanoeku, npocmeﬁmue mpucoHomempuuyecKkue
VpasHeHus1, YpasHeHus, cooepacaujue 00pamuvle mpueoHomempuyeckue hyHKyuu.

ABSTRACT

In this article, students develop the ability to find the radii of circles and solve
equations containing inverse trigonometric functions.

Keywords: circle, radius, inverse trigonometric functions, trigonometric
substitutions, simplest trigonometric equations, equations containing inverse
trigonometric functions.

KNPHUII

Xo03upru KyHja YKyBUYMIAPHUHT MateMaTtuka (panura Oyiran KU3UKAIUTApUHA
sHaJla OIIMPHUII Xamaa TadhaKKypUHU PUBOXIAHTHPHUIN YUYH YKUTHUIIHUHT yCITyOUit
acoCTapuHM TAKOMIUUTAINTHPUIN  3apypUATH  Ky3aTHAMOKAA. EIN  aBIOJHHHT
MaTeMaTUK KaOWJIMATIAPUHU PHUBOKIAHTUPHIN 3HI A0d3apd MacananapiaH Oupu
xucobysanaau. YyHkH MarteMmaTuk Tadakkypu Ba JyHEKapalid KeHr Oyica Oolika
dannapau y3namrupuiu xam ocoH Oymanu. Illy makcamna maBmaTUMu3 TOMOHJIaH
MareMaTrka aHUHU PUBOKIIAHTUPHINTA KEHT YbTHO0p OEpPHIIMOKIA.
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—MaremaTtika xamMmMa aHukK (panmapHuHr acocunup. by dannm sxmm Ounraxn
Oona akyM, KeHr Tadakkypau OynmmO Ycamu, uMcTanraH coxaaa MyBadhaKusTIH
unad keraau, — [pesunentumus [1].

MaxkosiaHuHT MaKcau YKyBUHIIQPHUHT MaTeMaTHKara Oynran
KU3UKUIIUIAPUHA OIITHPHUII Ba MaTeMaTUK TaQaKkKypHHHA PUBOKIAHTUPHUIIIA Ha3apui
dbukpraira erakiaiiiurad MacajganiapHi €4uil Makcaara Mo(uk 1ed xucoomaimus.

MYXOKAMA BA HATU/XKAJIAP

Macana-1. Pagumycu R ra TeHr aijaHa WuYdra >KOWJamraH n Ta TEHT
alia”anap y3apo ypuHaau Ba OepuiraH aijlaHara XaM ypuHaau. Arap n=3 ra TEHT
Oynca, 11y aillaHaapHUHT pagryCIapyUHU TOIMHT.

Eunm: Kuuuk aiinanamap KkaTta aijaHara YypUHTaH JKOWJIApUHU Ba
MapKaszJlapHU TyTalllTUpaMu3 Ba yII0y paCMHH XOCHJI KHJIaMU3.

AO=R AO0,0, TomoHu 00, =0,0,=0,0,=2r AK=2r:0OK=x x=R-2r

0 0
a, =2Rsin 180 dbopmyna  Epmammma  a, =2Rsin 18:? =2Rsin 60° =2R~§= R+/3
n
AABC ~ AO,0,0, = AB _AO RVS_ R = RV3(r + x)=2Rr =
0,0, 00, 2r  Z+X
V3Rr+Ry/3x=2Rr x HM ypHHra x=R-2r Kyiuica \/§Rr+R\/§(R—2r)=2Rr:>
V2Rr +R?\/3 - 2/3Rr —2Rr =0 = J3Rr + 2Rr =R*\/3 = Rr(vV3+2)=R*V3=
r= RVS _ RV3 Hemak r——R\/§
R(\/§+2) J3+2 ’ V3+2

Macana-2. Paguycu R ra TeHr aijlaHa WYura >KOWJamradH n Ta TEHT
alimaHanap y3apo ypuHaau Ba OepuiiraH ailjlaHara Xam ypuHajaud. Arap n=4 ra TeHr
Oynca, 11y aillaHaapHUHT paguyCIapyUHU TOIUHT.

Eunm. D1 n=4 X0 y4yH e4aMus.
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D A

<

a, = RV2 x= R-2r Kagpar ABCD Ba 0,0,0,0, KBajpariap y3ap0o KOHTYPYEHT.
AB _BO _ RV2 R
0,0, 00, 2r  r+x
RV2(z+x)=2rR= RJ2r+RJ2x=2rR= x HH YypHUra X=R-2r HHM KyIMU3
RV2r+RV2(R-2r)=2rR= RyJ2r+R?J2-R2rJ2-2rR=0= RrJ/2+2rR=R%/2=
R?V2 RV2 R R
RrlWV2+2)=R*/2= r= = = . Jlemak, n=4 r=————.
W2+2) RVZ+2 N2fiv2) 1442 AN
OHr cojaja TecKapu TPUTOHOMETPUK (YHKIMUIADHU Y3 HWYUra OJraH
TEHIJIaMaJIapHU €YMMIIApH KaJABAIMHU Kentupamus (1-xkaasan):

byHman  KyWuparm  mpomopuus — Ty3amu3!

1-xagBat.
Teckapu TPUTOHOMETPHUK PYHKUMSJIAPHM §3 HUHUTA OJITAH
TEHIVIAMAJIADHN eYNMMJIAPH KAABAJH

Tenrmamagnap Eyumaapu
i V4 Xx=sina
argsinx = a (|a| < Ej
argcosx=a (0<a<rx) X =00sa
X =tga
argtgx = a (|a| < gj g
argctgx =a (0<a<r) X = ctga

[yHuHraex Oup Typlard TPUTOHOMETPUK (PYHKUMSHU OOIIKA TypJaru
TPUTOHOMETPUK (PYHKLMSITa aJIMAIITUPUIIHU KyHHJArd jKaJBallMHU KeJlTupamus (2-
JKaJiBan):

2-KasBal.
bup Typaaru tpuronomerpuk GyHKIUSIHH 00IIKA TypAaru TPUMrOHOMETPHUK
(GyHKIUAra aIMaIITUPHII KAABATA

sin(arcsin x) = x cos(arcsin x) = v1—x*
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sin(arccos x) = v1—x? cos(arccos x) = X
sin(arctgx) = —11 = cos(arctgx ) = 11 >
sin(arcctgx ) = _11 = cos(arcctgx ) = 14): S
. X —
tg(arcsm X)= T Ctg(arcsin x): \/1Xx
1-x" otg (arccos x) = ——
tg(arccos x) = - 9 -
tg(arctgx) = x ctgarcigr) 1
X
tg (arcctgx) = % ctg (arcctgx) =X

Ky#nnaru TeHrnamanapHi €4UIIHA KapaiMus.

X X
Mmucoa-3. arctg? 3 4arctg 3 5=0 TEeHIJIJaMaHU CYHUHT.

X .
Edvum. y = arctg — SHI'M HOMabJIyMHU KUPUTHUO, KyHUJaru TEHIIaMaHu OJIaMU3
3

y>—4y-5=0 Oy TeHIIaMaHUd €YUMHU: y, =5, y, =—1 . Jlemak, macraOKu TeHriama

X X

MKKHUTA COJJa TCHIJamara axxpajaalu: arctg§:5 , arctggz—l . BI/IpI/IH‘-II/I coama
T o T

TEHIJIamMa 5 > E 6ynraHH YUYyH €4umra sra smac. VIKkuH4M cojijia TeHIJiaMa |—]4 <—

OynraHu y4yH siroHa edumra sra Oymanu. by srona edum arctggz—l, x =3tg(~1).

Kaob x =-3tgl OVnaau [2].
Mmucoa-4. arctg (x + % +arctg (x - %) = % TEHIJIaMaHH CYUMHT.

Euum. bepuwiran TeHrlaMaHu WKKaJa KUCMHUJAH TAHICCHC OJIaMU3:

tg{arctg(x + %) + arctg(x - %) =g {%} Oyuma, tg(a+p)= Ga+of g, tg [%) =1

l-tga-tgps
=1 2-xajasajira

tg[arctg(H;ﬂﬂg{amg(x_;ﬂ
1_tg[amg[x+;ﬂ.tg[amg(x_;ﬂ

TEHIJIMKJIAPHA XHCcoOTa 0Juo,
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1
X+—+X—= ox
Kypa: . Z . =1 €ku —1:14 OyHmaH x°+8x-5=0 Oy TEHrJIaMaHu
1-| x+= || x== 1-x*+=
2 2 4

CUNMHU: X, =%, X, =—g. XKaBob x, =%, X, =—g oynanu.

.2 . -1
Mmucou1-5. arcsin —— —arcsin v1— x = arcsin 3 TCHIJIaMaHU CYHHT.

3Jx
Eunm. bepunran TeHrnmamManu HWKKajga KUACMHUIAH CUHYC  OJIAMU3:
sin{arcsini—arcsin \/1—x} :sin{arcsin l} =
3Vx 3
sin(arcsin i) cos(arcsm V1- ) cos(arcsm LJ sm(arczsm V1- ) 1 2-KazaBaira
3Vx 3Vx 3
acocaH KyWugarura odra Oynamus: \/ [ \/ -X= 1
2 Ax - /9X “x-1 gk x =,/Ox—4Y1-x) éxkm 9x*-12x+4=0 OyHmaH
3Jx &/’ 3

(3x—-2)* =0, X:§‘ KaBoo XZ% Oynanu.

2

2X+/1— x?

Euum. y=arccos x GQyHKUMSIHUHT Tabpu(ura Kypa Kyidugarura sra O0yiaMus:

Mmucou1-6. 2arccos x = arcctg TEHIJIaMaHu O0apya e4rMJIapUHU TOIMHT.

x=c0sy, OyHna 0<y<r, |X<16y1agu. x HUHT UDOAACHHU OEPHIraH TEHIIAMAHU
VHT TOMOHHUT'A Kyinuo, KYyWUMJAaruHA XOCHII KUJIaMu3:

2 2\ ein2
2x° -1 2cos’y—1 _arcct cos"y—sin"y _ arcctg 052y_

—___— _—arcclg :
2X/1— x? 205 Y/1—cos? 2cosy-siny sin2y

=arcctg(ctg2y)=2y OyHma O<y <% . Iynpaéi xkuam® OepwiraH TEHIJIAMAHHM dYall

arcctg

T
TOMOHHU Oapuya ye( 2} y4yH VHI' TOMOHH XaM 2y ra TeHr Oymaau. JlactmaOku

HOMabJIyMra Kaituo, x e (0;1) Hu xocun Kriamus. JKaBoO x e (0;1) 6ynaaum [3].
MucoJ-7. arctg(x —1)+ arctgx + arctg(x +1) = arctg3x TEHTJIAMaHW CYHHT.

Euumn. Tenrnamanu Kyuuaaru KYpUHHUIIIAA €3aMu3:
arctg(x—1)+arctg(x+1)= arctg3x —arctgx . TeHIJIaMaHM HKKajda TOMOHHIA TAHTCHC

OJTaMH3: tglarctg(x —1)+ arctg(x +1)] = tg[arctg3x — arctgx | éxku
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tg[arctg(x —1)]+ tg[arctg (x +1) _1g [arctg3x]—tg[arctgx] S

]
1—tglarctg(x —1)]-tg[arctg(x +1)] 1+ tg[arctg3x]-tg[arctgx]

(X—1)+(X+1): 3X—X % __X ,O0yH1aH 4x3—x=x(4x2—1):0 Oy TeHIama
1-(x=1)x+1) 1+3x-x 2-x* 1+3x?

€YMMIIAPHU X, :—%, X, =0, X, :%. XKaBob x, =—%, X, =0, X, :% Ooynanu [4].

XYJIOCA

[y xabm Macama Ba MHCOJUIAPHU C€YMIN OPKAJIM YKyBUMJIApJa MaTeMaThKa
danura OynraH KU3UKHUIIHU Ba MaHTHKUN QUKpIAIIHU  OPTHPUO, OJNraH
OWIIMMITApUHU aMauETTa KYJUTall Ba TYFPU Kapop KaOyJl KWIUIIA KOMIICHTHKJIATUHA
PUBOKJIAaHTUpHUIITA EpAaM Oepain.

MycTaku e4yril Y4yH TeHIJIamaJiap.

Macana-1. Pagumycm R ra TeHr aijaHa W4Ydra >KOWJAIraH n Ta TEHT
alima”anap y3apo ypuHaau Ba OepuiraH aijlaHara XaM ypuHaau. Arap n=6 ra TeHT
Oynca, 11y aillaHaTapHUHT PaJyCIapUHU TOIUHT.

“
Mucoa-2. 2arcsinx =2~ +—/9
3 arcsin x
Muco.-3. arcsin x +arccos(x —1)= 7 ;

Mucoa-4. arctg2x + arctg3x = 377[ :

MucoJi-5. arccos x = 7 —arcsin v1—x? ;
MucoJi-7.2arccos X = arccos(2x2 —1).
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